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ABSTRACT
The Simons Observatory (SO) will observe the temperature and polarization anisotropies of the cosmic microwave
background (CMB) over a wide range of frequencies (27 to 270 GHz) and angular scales by using both small
(∼0.5 m) and large (∼6 m) aperture telescopes. The SO small aperture telescopes will target degree angular
scales where the primordial B-mode polarization signal is expected to peak. The incoming polarization signal of
the small aperture telescopes will be modulated by a cryogenic, continuously-rotating half-wave plate (CRHWP)
to mitigate systematic effects arising from slowly varying noise and detector pair-differencing. In this paper,
we present an assessment of some systematic effects arising from using a CRHWP in the SO small aperture
systems. We focus on systematic effects associated with structural properties of the HWP and effects arising
when operating a HWP, including the amplitude of the HWP synchronous signal (HWPSS), and I → P (intensity
to polarization) leakage that arises from detector non-linearity in the presence of a large HWPSS. We demonstrate
Send correspondence to Maria Salatino. E-mail: maria.jokeating@gmail.com.
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our ability to simulate the impact of the aforementioned systematic effects in the time domain. This important
step will inform mitigation strategies and design decisions to ensure that SO will meet its science goals.
Keywords: Continuously Rotating Half-Wave Plate, Cosmic Microwave Background, Intensity to Polarization
Leakage, Non Linearity, Sapphire, Simons Observatory, Slant Incidence, Systematic effects
1. INTRODUCTION
The cosmic microwave background (CMB) is a rich source of cosmological information. Accurate measurements
of the small angular scales (large multipole moments, or high `) would enable tightening constraints on the sum
of neutrino masses, the number of relativistic species, dark energy equation of state, dark matter properties,
and astrophysics of galaxy clusters. On large angular scales (low `), the detection of the faint primordial B-
mode polarization signal could hold information about the energy scale of inflation, which is parameterized by
the tensor-to-scalar ratio r. For ground-based observatories, there are two primary sources of contamination
to the CMB polarization: polarized foreground contamination from synchrotron and dust emission and effects
induced by atmospheric fluctuations. The latter becomes particularly important on large angular scales where
the primordial B-mode signal from inflation is expected to peak.
Simons Observatory (SO) is a ground-based experiment that will be located in the Atacama desert in Chile.
SO will observe the CMB sky in temperature and polarization across six bands with band centers ranging from
27 GHz to 270 GHz. It will cover a wide range of angular scales through the use of a 6 m diameter crossed-
Dragone large aperture telescope (LAT) and several refractive ∼0.5 m small aperture telescopes (SATs). The
wide coverage in frequency will be achieved through the use of multichroic polarization-sensitive detectors and
will allow for the characterization and removal of the galactic foregrounds. The SATs will observe on degree scales
and focus on measuring the polarized signal from inflation. Noise from long-time-scale atmospheric fluctuations
— so-called 1/f noise — can overwhelm the polarized inflationary signal. To mitigate this effect, the SO SATs
will employ cryogenic, continuously-rotating half-wave plates (CRHWPs) that modulate the polarized signal and
isolate it from the largely unpolarized atmospheric fluctuations1–4∗. The LAT will not use any HWPs. Because
CRHWPs are most effective at recovering polarization signals at large angular scales, the scientific return of
featuring a HWP in the LAT for high-` science is negligible compared to the complex design requirements for
having a HWP.
HWPs for millimeter-wavelength applications have been fabricated from both sapphire1,4, 7 and silicon meta-
material.8 The main advantage of a silicon meta-material HWP is its high birefringence. The difference between
the indices of refraction along the two propagation directions through the material are ∆n ' 1 for meta-material
compared to ∆n ' 0.3 for sapphire. Additionally, silicon has a high index of refraction, which allows for a thinner
HWP and thus less thermal emission. However, this advantage is less significant for cryogenic HWPs where the
thermal emission is small, so, at cryogenic temperatures, the ease of manufacturing sapphire HWPs becomes more
advantageous than the reduced loading offered by silicon meta-material HWPs. Thus, the cryogenic CRHWPs
employed in SO will be manufactured from sapphire.
This paper will present systematic studies of the SO SAT CRHWPs, focusing on the case of a broadband-HWP
design for the mid-frequency (MF) 90/150 GHz channels. We explore the physical sources of these systematic
effects, illustrate our ability to model these effects with a time-domain systematics pipeline (s4cmb†), and discuss
how these studies have influenced the experiment design. In Sec. 2, we derive the mathematical description of
the optical properties of HWPs, including their dependence on frequency and the incident angle of the incoming
light using the Mueller matrix formalism. SO considered both sapphire and silicon meta-material HWPs. A
functional understanding of the systematic effects induced by each was valuable in selecting the HWP material,
so we present results for both sapphire (Sec. 2.1) and meta-material (Appendix A) HWPs in this work. Next
we use the sapphire SO HWP Mueller matrices to study differential properties. In Sec. 3, we take the optical
model and include its properties in time-ordered data (TOD) with an emphasis on systematic effects related to
the HWPSS. In this calculation, we assume the baseline optical configuration for the SO SAT. In Sec. 4, we
∗We note that the atmosphere is slightly circularly polarized,5,6 and a significantly lower amplitude of linear polariza-
tion is predicted. However, this is still below the current detection sensitivity.
†The code is publicly available at the following github link: https://github.com/JulienPeloton/s4cmb.
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investigate the resulting temperature to polarization (I → P ) leakage and nonlinear behavior in the detectors
from the HWPSS.
This paper is part of a series of papers on the systematic and calibration studies for SO.9–11 We are combining
the detailed results of the full SO systematics and calibration studies into a comprehensive study that will be
released in a series of future papers to the community for use in developing future CMB experiments such as
CMB-S4.12 In this paper, we take an in-depth look at a small number of HWP systematics and note that further
information on HWP systematic effects that are not included in this paper will be included in the full systematics
study papers.
2. MUELLER MATRIX MODEL OF A HWP
The Mueller matrix of a HWP of any material (sapphire, silicon meta-material or metal mesh13) can be written
as:
MHWP,k =

tk ρk 0 0
ρk tk 0 0
0 0 ck −sk
0 0 sk ck
 (1)
where k = T or R for the transmission and reflection, respectively.14,15 Here the ρk terms are proportional
to the HWP differential transmission. The sign of ρk determines whether the even or odd harmonic peaks in
the HWP signal have a larger amplitude as it turns through a full rotation, while its magnitude determines the
difference between the amplitudes of the odd and even peaks. The ck and sk terms determine the modulation of
the polarized signal. An ideal HWP has no reflection, so tk = 1, ck = −1, and ρk = sk = 0. A non-ideal HWP is
characterized by ck 6= −1 and nonzero ρk and sk terms‡. The structure of the Mueller matrix is independent of
the direction of light along the HWP’s normal axis and thus has the same structure for both transmission and
reflection. The exact value of the Mueller matrix components changes according to the Fresnel coefficients for
reflection and transmission.
Depending on the HWP material, different methods can be employed to calculate the values of the Mueller
matrix elements in Eq. 1. For sapphire HWPs without anti-reflective (AR) coatings, the Mueller matrix com-
ponents can be derived analytically by explicitly taking into account multiple reflections inside the material,16
while HWPs both with and without AR coatings can be modeled via the transfer matrix model.17 In the case of
more complex material layers, such as silicon meta-material and metal mesh HWPs, electromagnetic simulations
in High Frequency Structure Simulator (HFSS)18 or similar softwares are needed. HFSS enables considering
scattering and diffraction effects in more complicated geometries where analytical models are not possible.
When traversing a HWP, polarized light is rotated by twice the angle between the HWP optical axis and the
polarization direction of the incoming light. Thus, if the HWP is rotating with frequency f , the polarized signal
transmitted through the HWP is rotated at 2f . These signals are measured by polarization sensitive detectors
at twice the rotation frequency, so the polarized signal is modulated at 4f . The differential properties of the
HWP can polarize a fraction of the unpolarized signal. At normal and slant incidence, this signal rotates at the
same frequency as the HWP and couples to the detectors at 2f . At slant incidence, an additional component at
4f can be produced by an inherent dependence on the HWP rotation angle in its Mueller matrix.
2.1 Sapphire HWPs
An actual HWP has imperfect behavior and an imperfect AR coating. We make use of the generalized transfer
matrix method (TMM) to model the optical action of sapphire HWPs. The TMM determines the relation
between the transverse-magnetic (TM) and transverse-electric (TE) components of the incoming and outgoing
radiation at the two boundaries of an optical element (or a stack of elements) using the boundary conditions. The
TMM has several advantages. This method deals directly with the amplitudes of the fields at the interfaces of
the two layers, and thus automatically takes multiple reflections between layers into account. The TMM is easy
to generalize to multi-layer elements like broadband achromatic HWPs (AHWPs) with AR coatings. Finally,
‡The Mueller matrix of an achromatic sapphire HWP has more nonzero terms, see Sec. 2.2.
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Layer Thickness [mm] Index of refraction Loss tangent [10−4]
AR outer layer 0.38 1.55 0.50
AR inner layer 0.27 2.52 56.5
HWP layer 3.75
3.05 (no) 0.02 (tan δo)
3.38 (ne) 0.01 (tan δe)
Table 1: Design of the AHWP used in this work. The design matches the Polarbear-2 ambient-temperature
AHWP design.7 The position of both the AR layers is symmetric with respect to the three HWP layers. The
values reported in this table are the central values of the corresponding measured quantities of the Polarbear-2
HWP.7 As noted in main text, the exact configuration of the final SO HWP may differ from this configuration.
no,e are the indices of refraction along the ordinary and extraordinary axes of the HWP. The loss tangent is in
general a function of frequency and temperature.7,25,26 In this analysis, we have assumed a constant loss tangent
with frequency along the two axes for the sake of simplicity, and use values for a 50 K HWP.27
the TMM can be easily applied to the more general case of arbitrary incidence angle and HWP rotation. Once
the transfer matrix for the stack is computed, it is also possible to compute the corresponding Jones matrix and
Mueller matrix§ (see e.g.17,19–23).
For the SO HWP, we consider a three-layer AHWP built up from three individual HWPs with a two-layer
AR coating (on each side) with thicknesses and indices of refraction matching the Polarbear-2 AHWP design,
which are listed in Tab. 1.7 We note that the Polarbear-2 design is used here as a reference design of a realistic
HWP to demonstrate the performance of our analysis framework and to estimate an approximate systematic
level of a HWP in our system. The SO HWP may vary in design from the Polarbear-2 HWP design and will
be cryogenic, meaning that the exact values of the indices of refraction and of the loss tangent of sapphire at
cryogenic temperatures will differ. As the SO HWP design is refined, we will use this framework to assess its
systematic performance as we do here for the Polarbear-2 HWP design. Possible losses inside the materials
are modeled via a non-vanishing loss tangent. This is included as the imaginary part of the complex index of
refraction n˜ = n
√
1− i tan δ, where n is the index of refraction and tan δ is the loss tangent.17
The relative optical axis orientation of the first and second layers is φ = 54◦. The optical axes of the first
and third layers have the same orientation. The thickness of each birefringent layer of the AHWP is optimized
such that the light path-length difference for the two crystal axes corresponds to a half wavelength at the central
frequency of 120 GHz, and the stack can efficiently cover the two bands centered at 90 GHz and 150 GHz
according to the Pancharatnam model24.
The Mueller matrix for the single-layer HWP takes the generic form of Eq. 1, which allows for leakage into
off-diagonal terms.28 In the case of the AHWP, Eq. 1 takes a different form, i.e. it has more nonzero terms, to
account for the fact that the AHWP is a stack of several layers rotated by a certain angle with respect to the
first layer. We calculate a realistic Mueller matrix model of the SO HWP, MHWP,k, as a product of the matrices
corresponding to the three-sapphire stack AHWP and the AR coating layers.
2.2 Variation with incident angle and frequency
Sapphire is a positive uniaxial crystal, with ordinary and extraordinary indices of refraction no and ne.
17 If an
electromagnetic wave of frequency ν is transmitted from a medium with index of refraction n1 to a sapphire
crystal with incident angle θ, the two components in which the linearly-polarized wave can be decomposed — s-
or TE and p- or TM waves — are mixed inside the crystal to form the ordinary and extraordinary waves. The
two components travel at different speeds through a uniaxial crystal. This induces a phase difference between
the two components of the EM wave.
The effect induced by the HWP stack on the incoming wave depends on both the frequency of the wave and
the incidence angle. In particular, at fixed θ, the design of a single layer HWP can provide a phase difference
§A public version of the code can be found at https://github.com/tomessingerhileman/birefringent_transfer_
matrix, thanks to Tom Essinger-Hileman.
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of pi for a single frequency νc only. For frequencies that differ from νc, the retarder does not behave as an ideal
HWP.
Figures 1 and 2 depict the elements MHWP,Tij for i, j = 1, 2, 3, 4 of a single-layer and three-layer Mueller
matrix as a function of the frequency of the incoming wave and the incident angles θ = 0◦, 20◦. On the SAT,
the aperture stop sets the field of view (FOV) of 34◦, which gives a maximum incident angle of 17◦ onto the
HWP. We take 20◦ as a conservative maximum incident angle to account for possible minor modifications to
the SAT optical design. The elements in an ideal HWP with its thickness optimized for 120 GHz and with zero
reflection at boundaries (i.e., perfect AR coatings) are shown as red dashed lines. It is clear that the elements
behave as an ideal HWP – i.e. the phase difference is equal to pi — only at the central frequency ν0 ' 120 GHz.
The dashed black line and the solid cyan line correspond to a design that resembles the Polarbear-2 HWP,7
and are modeled through the TMM. The agreement with the ideal HWP is good for frequencies from 60 GHz
to 180 GHz. Deviations from the ideal case are primarily due to differential properties of the sapphire and
absorption inside the material, which is modeled through the loss tangent. The visible wiggles at all frequencies
are primarily induced by multiple reflections between the boundaries of the dielectric layers, which are suppressed
here by the presence of an AR coating. The solid black line corresponds to θ = 0◦, while the dotted-dashed cyan
line corresponds to θ = 20◦. These figures show a small difference in the HWP behavior at θ = 0◦ and θ = 20◦
incidence angle. However, even a small difference can result in a significant effect if coupled to an incoming signal
several orders of magnitude larger than the target signal (Sec. 3).
Figures 3, 4 and 5 show the difference MHWP,Tij (θ) −MHWP,Tij (θ = 0◦) as a function of the rotation angle
χ for a fixed frequency ν0 = 120 GHz, for a single-layer HWP and a three-layer AHWP, respectively. For the
AHWP, the difference with respect to the θ = 0◦ case is always < 0.05¶. However, in Sec. 3, we will see that
this small difference can induce non-negligible effects.
2.3 Differential Absorption and Emission
The HWP emission can be described with the Mueller matrix of a polarizer with pe and po being the emissivities
along the extraordinary and ordinary axis, respectively. They correspond to the px and py elements of a Mueller
matrix polarizer.29 The emissivity along each axis can be estimated with the radiative transfer in the case of an
optically thin medium:
po,e = 1− exp (−αo,e d/ cos θo,e), (2)
where αo,e is the absorption coefficient along the two axes at 50 K, d is the HWP thickness and θo,e is the
refraction angle along the two axes. The absorption coefficient can be written in terms of the loss tangent tan(δ)
as:
αo,e = tan(δ)2pino,eν/c (3)
with c the speed of light.30 The differential absorption is equal to the differential emissivity. We use loss tangents
given in Table 1 which were measured by Parshin27 at 50 K. This suppresses the absorption coefficient by a factor
of 100 compared to sapphire at room temperature.
3. ESTIMATING THE HWP SYNCHRONOUS SIGNAL
In this section, we assume a realistic optical configuration of SO SAT (Sec. 3.1), and calculate the HWPSS for
the setup combining the Mueller matrix of the optical chain with the Mueller matrix of HWP described in the
previous section (Sec. 2.2). We then provide the interpretation of the dominant sources of the HWPSS in Sec. 3.3
and 3.4.
During observations, each detector sees a modulated signal dm as a function of the HWP rotation angle χ:
dm(χ) = I + Re
{
εpole
4iχ(Q+ iU)
}
+A(χ) +NW , (4)
¶We note that the AR coating plays a major role in keeping this difference low. In the absence of the AR coating, the
difference can be a factor of a few higher.
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Figure 1: Mueller matrix elements of a single-layer HWP as a function of the frequency ν of the incident wave.
The design is that of the individual layers in a Polarbear-2-like (PB2) AHWP. The rotation angle is fixed and
equal to χ = 0◦. The red dashed lines correspond to an ideal retarder. The black and cyan lines correspond to
the simulations based on the PB2 HWP design and computed with the TMM. The black dashed lines are for
θ = 0◦, whereas the cyan solid lines are for θ = 20◦.
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Figure 2: Mueller matrix elements of a three-layer Polarbear-2-like AHWP as a function of the frequency ν
of the incident wave in the same style as Fig. 1. If compared with Fig. 1, the different behavior of the Mueller
matrix elements with the incident frequency is clearly visible in the case of a three-layer AHWP. In particular,
the number of non-zero components is reduced with respect to the single-layer HWP. The non-zero components
also exhibit a more complicated dependence from the incident frequency than in the single-layer case. The main
reason for these clearly visible differences resides in the additional optical action induced by the multi-layer
stacking with respect to the single layer HWP.
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Figure 3: Difference between the Mueller matrix elements for θ = 10◦ orange, solid, 20◦ green, dashed and θ = 0◦,
of a single-layer HWP as a function of the rotation angle χ. The frequency is fixed and equal to ν0 = 120 GHz.
The figure shows that the difference between non-normal incidence and normal incidence is very small. However,
as it is discussed in Sec. 3, it is not negligible.
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Figure 4: Difference between the Mueller matrix elements for a three-layer AHWP in the same style as Fig. 3.
The frequency is fixed and equal to ν0 = 90 GHz.
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Figure 5: Difference between the Mueller matrix elements for a three-layer AHWP in the same style as Fig. 3.
The frequency is fixed and equal to ν0 = 150 GHz.
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A2 (mKCMB) a
opt
2 (%) A4 (mKCMB) a
opt
4 (%)
95 GHz (0◦) 210.77 0.87 0.00 0.00
95 GHz (20◦) 214.39 0.87 185.13 0.76
145 GHz (0◦) 197.76 0.65 0.00 0.00
145 GHz (20◦) 220.61 0.72 178.57 0.63
Table 2: The 2f and 4f HWPSS coefficients for the middle frequency (MF) band at 0◦ and 20◦ incident angles
estimated with the method described in Sec. 3.
where I, Q, and U are the components of the incoming Stokes vector Sin = (I,Q, U, V )
‖, εpol is the polarization
efficiency, A(χ) is a spurious signal called the HWPSS, and NW is the white noise. As we will see in more detail
in this section, there are various sources of HWPSS.
The HWPSS A(χ) defined in Eq. 4 can be modeled using a series of harmonics of the HWP rotation frequency
f . The amplitude of each harmonic can be split into a term An that is constant in time throughout the scan
assuming a stationary instrument, and a term that is proportional to the incoming intensity, with proportionality
constant aoptn . The HWPSS can then be written as:
A(χ) =
∞∑
n=1
(An + a
opt
n I) cos(nχ+ φn). (5)
Signals modulated at 2f and 4f can be generated in a number of ways. Here, the signal at 4f is of particular
interest since it is at the center of the science band. The HWP itself can have differential transmission, reflection
(Sec. 2), and emission (Sec. 2.3) along the ordinary and extraordinary axes generating a 2f signal. Irregularities
in the HWP AR coating or inherent χ dependence in the HWP Mueller matrix (e.g. Fig. 2) caused by non-
normal incidence angles can create 2f , 4f , and higher order harmonic signals. Optical elements upstream and
downstream of the HWP generate polarized light through differential transmission, reflection, and emission that
can be modulated by the HWP creating a 4f signal. In the presence of detector nonlinearity, both the 2f and
4f components of the HWPSS contaminate the polarization band and are sources of systematic error.
In this section, we will describe these sources of spurious 2f and 4f signals and how accurately we are
able to model them for the SAT optical chain shown in Table 3. The coefficients A2, A4, a
opt
2 , and a
opt
4 that we
calculate are given in Table 2. Experimentally, we will be able to characterize this polarization leakage by making
polarization maps for known unpolarized sources such as Jupiter. Note that the optical chain and HWP design
used in this calculation are not finalized, so the results in this section are not final. Our results demonstrate our
ability to model these systematic effects for an SO-like system and highlight which elements of our system we
expect to dominate the HWPSS.
3.1 The SAT Cryogenic HWP
The cryogenic CRHWP for the SAT will be located at the 40 K temperature stage∗∗. It will be rotated by
superconducting magnetic bearings.32,33 Due to current design uncertainty, the temperatures and the exact
details of each optical element are not finalized, but the current state of the optical chain and temperatures are
shown in Table 3 and Figure 6.
Several considerations were taken into account when choosing the location of the HWP. Any I → P leakage in
front of the HWP will be modulated into A4, so a HWP should ideally be as far sky-side as possible. However, in
order to minimize HWP thermal loading, i.e. its thermal emission, we choose to adopt cryogenic HWP and thus
place the HWP behind the cryostat window and between alumina filters. Additionally, the HWP lies close to
the aperture stop, where the detector beams intersect, so we do not need to worry about spatial non-uniformity
of the HWP as seen by different detectors. Placing the HWP at the 4-K stage would have further reduced
‖We assume here that the circularly polarized component is negligible.31
∗∗For our aim there is not significant difference in considering the HWP loss tangent at 40 or 50K, as considered in
Tab. 1.
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Figure 6: Optical chain of the SAT and the planned temperature stages. The HWP lies at the 40 K stage.
thermal loading, but this would have also required more optical elements in front of the HWP, increasing I → P .
Taking these considerations into account, the reduction in the HWP emission from 40 K down to 4 K would
not have resulted in significant gain when compared with more challenging HWP operation at 4 K and possible
systematics due to the increased I → P leakage.
3.2 Light Propagation and Estimation of the HWPSS
To calculate the harmonic amplitudes in Eq. 5, we must be able to calculate the Stokes vector incident on both
the sky- and detector-side of the HWP. To do this, we use the transmission, reflection, and absorption coefficients
along the s and p polarization directions for each optical element to propagate light throughout the telescope.
The s and p directions are defined to be orthogonal to the plane of incidence, and parallel to the plane of incidence
respectively. We assume that the light is angled such that these directions correspond to the y and x directions.
# Element Temp (K) Ts−p (90 GHz) Ts−p (145 GHz)
1 Window 273 0.047 % 0.094 %
2 DSIR Filter 273 0 0
3 DSIR Filter 220 0 0
4 Alumina Filter 60 0.329 % 0.367 %
5 Sapphire HWP 40 ——– ——–
6 Alumina Filter 4 0.329 % 0.367 %
7 Lyot Stop 2 0 0
8 Silicon Lenses (3) 1.5 0 0
9 Low Pass Filters (2) 1.5 0 0
10 Low Pass Filter 0.1 0 0
Table 3: Optical chain for the SAT. For each element, the corresponding temperature stage is reported. The
numeration runs from the outermost element (the window at T = 273 K) to the innermost elements (the low pass
filters at T < 1 K). The sapphire HWP is located between alumina filters and is kept at a cryogenic temperature
of 40 K. The differential transmission coefficients Ts−p are calculated at a 20◦ incidence angle.
12
For the window and alumina filters we calculate the coefficients as a function of incident angle using the
TMM. We found other elements are significantly less relevant in our analysis, and thus are showing results with
their effects set zero for simplicity. For the TMM, we require the thickness and complex index of refraction of
the optical element and of the AR coating. The coefficients are dependent on the incident angle of the incoming
light.
For our conservative estimation, we make a few simplifications and assumptions. We treat each optical
element as an infinite horizontal slab, and do not take into account curvature of the element or walls of the
telescope. We assume that the beam from a single detector is perfectly collimated after the silicon lenses, and
so all light travels through the main optics at a single incidence angle. For the SAT, it is a good approximation
to assume that the incident angle is roughly proportional to the distance of the detector from the center of the
array, with θ = 17◦ for a detector at the edge and θ = 0◦ for a detector at the center. We also assume 100%
beam coupling and detector efficiency. A more detailed simulation would use a more accurate beam coupling
and detector efficiency, and would use a SAT ray-tracing to get more accurate incidence angles.
The amount of polarized power created through differential transmission, reflection, or emission is determined
by the differential coefficients
Ts−p =
Ts − Tp
2
, Rs−p =
Rs −Rp
2
, and As−p =
As −Ap
2
. (6)
We use an iterative process to calculate the forward and backwards traveling Stokes vectors SHWPfw and S
HWP
bw
which are incident on the sky-side and detector-side of the HWP, respectively. We propagate light through each
element, calculating the forward and backward propagating Stokes vectors on the nth element as:
Snfw = S
n−1
emit +M
n−1
transS
n−1
fw +M
n−1
refl S
n−1
bw and S
n
bw = S
n+1
emit +M
n+1
transS
n+1
fw +M
n+1
refl S
n+1
fw . (7)
The Mueller matrices are determined by the transmission and reflection coefficient of the optical elements. These
are given by:
Mtrans =

Ts+p Ts-p 0 0
Ts-p Ts+p 0 0
0 0 1 0
0 0 0 1
 and Mrefl =

Rs+p Rs-p 0 0
Rs-p Rs+p 0 0
0 0 1 0
0 0 0 1
 . (8)
By iterating the propagation process multiple times, using the incident Stokes vector from the previous iteration
to calculate the detector-side Stokes vectors, we take into account light that could reach the detector after
multiple reflections.
Once we have the incident Stokes vectors on the HWP, we can compute the modulated Stokes vector seen
by the detector as a function of the HWP rotation angle
Sdet = εM
Pol(M stacktrans (χ)S
HWP
fw +M
stack
refl (χ)S
HWP
bw + S
HWP
emit (χ)), (9)
where MPol, the Mueller matrix of a linear polarizer with px = 1 and py = 0,
MPol =
1
2

p2x + p
2
y p
2
x − p2y 0 0
p2x − p2y p2x + p2y 0 0
0 0 2pxpy 0
0 0 0 2pxpy
 (10)
represents a polarization sensitive detector, and ε is the cumulative transmission efficiency between the HWP
and the detector. SHWPemit (χ) is the term due to the HWP emissivity (Sec. 3.3). The modulated signal from the
detector dm is the intensity of Sdet. The HWP transmission and reflection Mueller matrices are both calculated
using TMM, as described in Section 2.1. M stacktrans (χ) and M
stack
refl (χ), respectively, are both the Mueller matrices
of the AHWP in transmission and in reflection versus the HWP rotation angle χ. We fit this signal with the
amplitudes and phases of the first eight harmonics from the intensity independent part of Eq. 5 to determine
the coefficients An.
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Trans (mKCMB) Refl (mKcmb) Emit (mKCMB) Total (mKCMB)
95 GHz (0◦) 192.76 16.42 1.58 210.77
95 GHz (20◦) 195.48 17.32 1.58 214.39
145 GHz (0◦) 172.91 21.73 3.12 197.76
145 GHz (20◦) 192.78 24.70 3.12 220.61
Table 4: Contribution to the A2 amplitude (in mKcmb) in the A(χ) HWP synchronous signal from transmission,
reflection, and emission for the 90/150 GHz band. The amplitudes are reported for two extreme values of the
incident angle θ: normal incidence where θ = 0◦ and the most extreme slant incidence case of θ = 20◦.
3.3 HWPSS contributions from the HWP
Most polarized signal generated by the HWP itself will rotate at the same frequency as the HWP, coupling to the
detector at 2f . However, a small amount can be modulated up to the 4f band or higher harmonics either from
non-normal incidence angles or irregularities in the HWP AR coating (see e.g. examples of non-trivial behavior
of an AHWP in Section 2.2).
Since the HWP Mueller matrix used in Eq. 9 is calculated using the generalized TMM described in Sec. 2.1,
the harmonic amplitudes we fit already have the non-normal incidence angle taken into account. However, any
HWPSS emitted by the HWP is not taken into account by the fitting and must be added separately as SHWP(χ)
in Eq. 9. The emissivities along the two axes are calculated using Eq. 2.
For the optical chain defined in Tab. 3, we calculate the fraction of the A2 signal that is generated by the
transmission, reflection, and emission of the HWP, corresponding to the three terms in Eq. 9. The results are
quoted in Table 4. As we would expect, the A2 signal is dominated by differential transmission through the
HWP, and the polarized emission is small because the HWP is cooled to 40 K.
The contribution to the A4 component due to the modulation of unpolarized light by transmission and
reflection by the HWP at large incidence angles is given in Table 5.
3.4 HWPSS contributions from optics upstream and downstream of the HWP
Polarized light generated by optical elements upstream of the HWP will be modulated at 4f when transmitted
by the HWP. The majority of this polarized light is generated through the differential transmission or reflection
of unpolarized light by only a few optical elements at large incidence angles. The unpolarized power incident on
the optical elements is primarily created by the atmosphere and the window. We utilize atmospheric simulations
of the observation site generated by the AM atmospheric modeling code, using a PWV of 1 mm and an elevation
of 50◦††, for which the total power emitted is about 12 KCMB in the MF band. For the window element we are
assuming an absorption coefficient of 1% for 150 GHz and 0.5% for 90 GHz, and we assume a 1.5% spillover of
the beam onto a warm surface. The spillover and window emission together add a total power of 11 KCMB at
150 GHz and 6 KCMB at 90 GHz to the system.
Only the alumina filters and the window have non-negligible differential transmission and reflection coeffi-
cients. The alumina filter has a thickness of 3 mm, and an index of refraction of n0 = 3.1 + 8 × 10−5i. The
window is made of UHMWPE, and has a thickness of 1 cm and an index of refraction of n0 = 1.5 + 1× 10−4i.
For each element we use a 2-layer AR coating,34 where the outer and inner layers have indices of refraction n′
and n′′ given by
n′ = n1/30 and n
′′ = n2/30 . (11)
The corresponding thicknesses of the two layers are
d′ =
λ0
4n′
and d′′ =
λ0
4n′′
. (12)
For the MF band, we use λ0 = 2.5 mm. Because the absorption is negligible, for the window and the filter
we have Ts−p ∼ Rs−p. The differential coefficients for the optical elements for a 20◦ incidence angle are shown
††https://www.cfa.harvard.edu/~spain/am/.
14
95 GHz 145 GHz
Trans (mKCMB) Refl (mKCMB) Trans (mKCMB) Refl (mKCMB)
Window 6.47 2.02 13.11 6.81
Alumina Filter 70.73 8.19 97.93 17.41
HWP 85.83 6.36 36.13 4.08
Table 5: The breakdown of sources of A4 signal for an incidence angle of 20
◦. For the window and filter, the
Trans and Refl columns are the magnitude of the polarized signal created through differential transmission and
differential reflection. For the HWP, the Trans and Refl columns are the magnitude of the A4 signal generated
by transmitting or reflecting light at a non-normal incidence angle.
in Table 3. Even though the differential transmission and reflection coefficients are almost equal, the amount
of 4f signal caused by differential transmission is generally much larger than the amount caused by differential
reflection because there is more light incident on the sky-side of the optical elements than the detector-side of
the element.
A breakdown of the A4 signal for a 20
◦ incidence angle can be seen in Table 5. The table shows how much
of the 4f signal is generated by differential transmission and reflection from the window and the alumina filter
on the sky-side of the HWP. For the HWP, we show how much 4f signal is generated from the transmission or
reflection of unpolarized light at a large incidence angle. We also take into account polarized light being reflected
off of the detector side of the HWP, but this is mostly modulated at 2f and its contribution to A4 is negligible.
We observe that the majority of the 4f signal comes from differential transmission through the alumina
filter and the transmission of unpolarized light through the HWP at large non-normal incidence. At 95 GHz,
the amount of 4f signal created by the HWP is larger than the amount created by the alumina filter. The 4f
signal created by differential transmission through the window, and differential reflection off of the filter are less
significant, but are still non-negligible.
4. POLARIZATION LEAKAGE FROM NONLINEARITY
Another major source of I → P leakage is the non-linear behavior of the detector response.35 This effect is caused
primarily by the dependence of the detector responsivity and time constant on the temperature of the system
and incoming loading. The dominant source of I → P leakage observed in experiments such as Polarbear3
and EBEX is the coupling of incoming intensity to the HWPSS, creating leakage from the 0f (constant) band
to the 4f band‡‡. We show that for the SAT the I → P leakage caused by non-linearity is not dominant, and
that it is smaller than the leakage created by differential transmission through the alumina filter.
We use the non-linearity model described in the Polarbear analysis3 where the modified timestream is
given by:
d′(t) = [1 + g1d(t)]d(t− τ1d(t)). (13)
g1 and τ1 are the coefficients representing the lowest order non-linearity in gain and time constant, respectively.
To leading order, the coupling of the unpolarized I(t) signal with the HWPSS induced by Eq. 13 adds I → P
leakage with proportionality constant
aNL4 = (2g1 + iωmodτ1)A4, (14)
where ωmod = 4(2pif).
‡‡A 4f signal could be also created from a 2f signal through detector non-linearity or saturation effects,35 but this is
not the main contribution in fielded experiments.
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4.1 Simulating Nonlinearity I → P
We analyze the non-linearity induced I → P leakage using time-domain simulations with the s4cmb systematics
pipeline. The pipeline starts by generating a sky map to use as input based on fiducial bandpowers that include
Gaussian realizations of lensed power spectra from CAMB.36 Currently the pipeline simulates a focal plane
consisting of 4 pairs of detectors, with the paired detectors sensitive to orthogonal polarizations. The pipeline
then runs a number of Constant Elevation Scans (CESs) determined by a given scan-strategy, which can be
either wide- or deep-field. For each CES, TOD is generated for each detector from the input sky. This TOD
includes correlated 1/f noise and uncorrelated white noise. The simulation of correlated noise is based on realistic
observations of atmospheric fluctuations. The level of white noise can be adjusted to roughly match the expected
sensitivity given an experimental setup.
We inject the HWPSS into the CMB-plus-noise TOD of each detector using the parameters in Sec. 3 and
Tab. 2. We then add non-linearity effects following Eq. 13. For each detector, g1 and τ1 are selected from a normal
distributions centered at g1 = −4.2 · 10−3K−1 and τ1 = 5 · 10−5 sK−1 with σ(g1) = 2.5%g1 and σ(τ1) = 2.5%τ1,
in agreement with Takakura et al.3
To remove the intensity-independent portion of the HWPSS, we use the technique developed for the EBEX
analysis pipeline.37 This splits the TODs into hour-long chunks, and then fits and subtracts the first eight HWP
harmonics to account for the steady 2f and 4f signals added along with any higher order harmonics created by
the non-linearity.
Using the HWPSS-removed timestreams we can estimate the magnitude of the I → P leakage created by
non-linearity for each detector by looking at the coupling of the polarization timestreams with atmospheric
noise. For detectors at the edge of the array with a 20◦ incidence angle we see a total leakage coefficient of
atotal4 = 0.78%, with about 0.15% coming from the addition of non-linearity, which is in agreement with Eq. 14
using our values for g1 and τ1. For a detector with 0
◦ incidence angle, the A4 component is 0, so there is no
direct 0f → 4f leakage.2 We observe the leakage magnitude to atotal4 = 0.02%, which must mostly come from
2f → 4f leakage. We do not apply any I → P removal to the data, so these values represent upper limits.
5. CONCLUSION AND FUTURE WORK
The Simons Observatory will be one of the most sensitive CMB experiments when it deploys. Thus, it is necessary
to understand the sources of systematic contamination and develop mitigation strategies to reach the SO’s
ambitious science goals. A continuously-rotating HWP is expected to benefit CMB polarization measurements
by offering an alternative to detector pair-differencing, and thereby avoid systematics related to the differential
properties of detector pairs.38 It also mitigates the effects of 1/f noise from long-timescale atmospheric variations
and reduces optical I → P leakage.1,3
However, HWPs can also be a source of systematic effects like the HWPSS. Additionally, the HWPSS can
cause non-linearity in the detector response, introducing another source of I → P leakage, which is not the
dominant cause of the leakage. In this work, we have studied some systematic effects connected with the planned
use of a CRHWP on the SO SAT. The aim of this study is to highlight our ability to characterize these effects so
we can develop efficient mitigation strategies. We build from existing experimental efforts that have demonstrated
the advantages of the use of HWPs as polarization modulators.
In this work, we used the Generalized Transfer Matrix method to calculate the Mueller matrix of a HWP
stack at an arbitrary incidence angle, and have analyzed multiple sources of the HWPSS. Based on an illustrative
model for the optical chain, we have estimated the amplitudes of the steady 2f and 4f components, and the
I → P leakage coefficients. We have shown that for an SO-like SAT system with a cold rotating HWP, the
dominant sources of I → P leakage are the differential transmission of the alumina filter in front of the HWP, and
modulation of unpolarized light through the HWP at large incidence angles. We also show that the I → P from
0f → 4f coupling through detector non-linearity, differential transmission through the window, and differential
reflection off of the sky-side alumina filter are non-negligible. When combining the HWPSS with nonlinearity in
simulations for the SAT optical setup, we observe a total leakage coefficient of 0.78% for detectors at the edge
of the focal plane, and 0.02% for a detector at the center of the focal plane. We note that this is without any
I → P removal so it represents an upper limit.
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While the Generalized Transfer Matrix Method is widely used to study the systematic effects of HWPs,
this is the first study to use it to both predict the HWPSS at such large angles of incidence for an achromatic
HWP and to couple it with detector non-linearity-induced effects. We have also presented the calculation of
Mueller matrix elements for meta-material silicon HWP (Appendix A). We also highlight the importance of
considering slant incidence cases. The HWPSS estimation methods used here will inform the SO design and the
development of dedicated mitigation strategies for HWP-related systematic effects. It will be also applicable to
future experiments that consider employing CRHWPs. Future work will include the final SO HWP design and
the propagation of the impact of the HWP I → P on maps, CMB spectra, and the estimation of cosmological
parameters.
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APPENDIX A. META-MATERIAL HWPS
To model a meta-material HWP with a meta-material AR coating, we use HFSS simulations. We consider
the Advanced ACTPol (AdvACT) HWP design optimized for 90 GHz and 150 GHz.8,39 By applying suitable
electromagnetic boundary conditions, it is possible to simulate one unit of meta-material. The use of Floquet
Ports40 enables this unit to exhibit the behavior representative of the entire device. We combine the typical
outputs of the HFSS simulations, i.e. the real and imaginary parts of the electric fields transmitted and reflected
along two reference orthogonal directions s and p, <ijlm and =ijlm with i, j, l,m = 1, 2 the index of the HFSS
Floquet ports.40 Suitable values of these indices give electric fields along the s and p directions to build the
adimensional intensities along the two HWP axes. For example, if <1121 (<1221) is the real part of the amplitude
of the electric field transmitted on the s (s) axis from an input polarization along the s (p) axis, the amplitude of
the electric field transmitted on the s axis from an incoming polarization along the s and p axis are, respectively
(see also Fig. 7):
ists =
√
<21121 + =21121,
ipts =
√
<21221 + =21221. (15)
From these quantities, the total adimensional intensity Ts along the s axis can be written as: Ts = ists2 + ipts2.
Similarly, the total and the differential intensities in transmission and in reflection (i.e. the top left part of
the Mueller matrix) can be built from the HFSS output electric field amplitudes. Differential phase delays are
estimated as:
Γ = Γs + Γp = arctan (
istp
ists
+
pi
2
) + arctan (
iptp
ipts
). (16)
Γs(Γp) is the phase delay along the s(p) axis, their combined action provides the overall HWP phase delay.
Eq. 16 works for the phase delay both in transmission and in reflection.
Intensities (Eq. 15) and phase delays (Eq. 16) along the two HWP axes are used to build the meta-material
HWP Mueller matrices in transmission (Fig. 8) and in reflection (Fig. 9) for incident angles θ = 0◦ and θ = 20◦
following Eq. 1 in Zhang et al.15 and Savini et al.41 Similarly to the sapphire HWP (Figs. 3, 4 and 5), the
difference between θ = 0◦ and θ = 20◦ is very small.
While a rotating sapphire HWP is traditionally derived by multiplying the Mueller matrix of the static HWP
by the rotation matrices, the meta-material HWP requires HFSS simulations of the HWP rotated at different
angles χ.
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Figure 7: Geometry of the HFSS simulation of the meta-material HWP. The case of an incoming s polarization
is shown. There is a similar trend for an incoming p polarization. Geometry of the HFSS simulations from
Coughlin 2018.39
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Figure 8: Mueller matrix non-zero elements of the AdvACT meta-material silicon AHWP in transmission as a
function of the frequency ν of the incident wave, for θ = 0◦ (red solid line) and θ = 20◦ (blue dashed line).
Figure 9: Mueller matrix non-zero elements of the AdvACT meta-material silicon AHWP in reflection as a
function of the frequency ν of the incident wave, for θ = 0◦ (red solid line) and θ = 20◦ (blue dashed line).
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Figure 10: M12 Mueller matrix elements of the AdvACT meta-material Silicon AHWP as a function of the
rotating angle χ for θ = 0◦ (left) and 20◦ (right). The M12 trend is derived using HFSS simulations rather than
the traditional multiplication of rotation matrices.
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